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Abstract—The fuzzy integral (FI) is a nonlinear aggregation
operator whose behavior is deﬁned by the fuzzy measure (FM). As
an aggregation operator, the FI is commonly used for evidence fusion where it combines sources of information based on the worth
of each subset of sources. One drawback to FI-based methods,
however, is the speciﬁcation of the FM. Deﬁning the FM manually
quickly becomes too tedious since the number of FM terms scales
as 2n , where n is the number of sources; thus, an automatic
method of deﬁning the FM is necessary. In this paper, we review
a data-driven method of learning the FM via minimizing the
sum-of-squared error (SSE) in the context of decision-level fusion
and propose an extension allowing knowledge of the underlying
FM to be encoded in the algorithm. The algorithm is applied to
real-world and toy datasets and results show that the extension
can improve classiﬁcation accuracy. Furthermore, we introduce
a visualization strategy to simultaneously show the quantitative
information in the FM as well as the FI.
Keywords—Choquet fuzzy integral, fuzzy measure, quadratic
programming, support vector machine

I.

I NTRODUCTION

In many ﬁelds, we are often faced with the task of
making decisions based on a set of feature-vector data X =
{x1 , x2 , ..., xn } ⊂ Rd . This data is typically accompanied
by a set of training labels for each feature-vector, giving the
pair (y, X), where y = (y1 , y2 , ..., yn )T is a vector of labels
such that yi is the label of feature-vector xi . This problem
can be considered a classiﬁcation task, and is typically tackled
by training a classiﬁer such that it can accurately predict the
class label of a new sample of data where the label is not
known. More concretely, the data (y, X) are used to learn
some prediction function f such that we can accurately predict
the label of feature vectors as y = f (x).
Linear classiﬁers are typically nothing more than a hyperplane in the feature-space representing the decision boundary,
and training these classiﬁers involves ﬁnding the hyperplane’s
parameters in some optimal way. A very popular hyperplane
classiﬁer is the support vector machine (SVM) because it is
easy to train and computationally efﬁcient. The drawback to
linear SVMs (and other linear classiﬁers), however, is that
they require the data to be linearly separable—a distribution
very rarely encountered with real data. One way around this
is to instead use their kernel-based variants where the data
are non-linearly projected to a high-dimensional space where
a suitable hyperplane is more likely to be found. While this
appears to solve the problem of non-separable data, it has its

own baggage: what kernel function should be used?
Multiple kernel learning (MKL) typically answers this
question by learning a new kernel through the combination of predetermined kernels while maintaining symmetry
and positive-semideﬁniteness, an approach discussed in many
works [1]–[7]. These approaches fall under the roof of featurelevel fusion in that they combine different “looks” at the
data (each represented by an individual kernel) and use a
single classiﬁer to determine the predicted class label. Another
MKL technique uses multiple kernel-based classiﬁers, each
utilizing a different kernel. The outputs of these classiﬁers is
then combined at the decision-level using some aggregation
function. This approach to decision-level fusion is the premise
for the decision-level fuzzy integral multiple kernel learning
(DeFIMKL) classiﬁer discussed in Section III, where aggregation is performed via the Choquet fuzzy integral (FI) with
respect to a fuzzy measure (FM). Once again though we have
a roadblock: how do we specify the FM?
The task we investigate in this work is learning a FM. Many
previous works [8]–[10] have shown that an underlying FM
can be learned from training data, though here we show that
only a subset of the FM is accurately learned from the training
data and the remaining FM terms simply follow the constraints
from the learning process. In other words, only a subset of the
FM is learned in a data-driven manner. Thus when asked to
classify a new sample of data using the Choquet FI, we risk
utilizing terms from the FM that were not learned accurately
from the training data, leading to an erroneous prediction. In
this work, we propose a method to more accurately learn the
FM terms that are not data-driven. The method assumes that
some knowledge of the underlying FM structure is known and
thus can be encoded in the learning process as discussed in
Section IV.
The remainder of this paper is organized as follows. Section
II discusses fuzzy measures and the Choquet fuzzy integral;
it also introduces our strategy of simultaneously visualizing
the FM and behavior of the Choquet integral. Section III
reviews learning a fuzzy measure through minimizing the sumof-squared error (SSE) via quadratic programming (QP)—
the backbone of the DeFIMKL algorithm—as well as its
behavior with insufﬁcient training data. Section IV proposes an
extension to the DeFIMKL algorithm, allowing knowledge of
the underlying FM to be encoded into the QP, and Section
V summarizes experiments with real-world and contrived
datasets. Finally, Section VI concludes the paper and discusses

our future work.
II.

g(1,2,3)

F UZZY M EASURES AND F UZZY I NTEGRALS

FIs and FMs are used for many applications and for many
types of data, from simple numeric data to intervals and type2 fuzzy sets [11]–[14]. While manual speciﬁcation of the
FM works for small sets of sources, manually specifying the
values of the FM for large collections of sources is virtually
impossible. Thus, automatic methods have been proposed,
such as the Sugeno λ-measure [15] and the S-decomposable
measure [16], which build the measure from the densities1 ,
and genetic algorithm [5], [17], Gibbs sampling [18] and other
learning methods, which build the measure by using training
data. Other works [19]–[21] have proposed learning FMs that
reﬂect trends in the data and have been speciﬁcally applied to
crowd-sourcing, where the worth of individuals is not known,
and is thus extracted from the data.
A. Fuzzy measures
A measurable space is the tuple (X, Ω), where X is a set
and Ω is an Ω-algebra or set of subsets of X such that
P1. X ∈ Ω;
P2. For A ⊆ X, if A 
∈ Ω, then Ac ∈ Ω;
∞
P3. If ∀Ai ∈ Ω, then i=1 Ai ∈ Ω.
A FM is a set-valued function, g : Ω → [0, 1], with the
following properties:
P4. (Boundary conditions) g(∅) = 0 and g(X) = 1;
P5. (Monotonicity) If A, B ∈ Ω and A ⊆ B, g(A) ≤
g(B).
If Ω is an inﬁnite set, then there is also a third property to
guarantee continuity; however, in practice and in this paper,
Ω is ﬁnite and thus this property is unnecessary. While fuzzy
measures provide a way for quantifying the worth of combinations of sources, fuzzy integrals can be used to aggregate
the information from these sources.
B. Fuzzy integrals
There are many forms of the FI; see [15] for detailed
discussion. In practice, FIs are frequently used for evidence
fusion [17], [22]–[24]. They combine sources of information
by accounting for both the support of the question (the
evidence) and the expected worth of each subset of sources (as
supplied by the FM g). Here, we focus on the fuzzy Choquet
integral, proposed by Murofushi and Sugeno [25], [26]. Let
h : X → R be a real-valued function that represents the
evidence or support of a particular hypothesis.2 The discrete
(ﬁnite Ω) fuzzy Choquet integral is deﬁned as

h ◦ g = Cg (h) =
C

n


h(xπ(i) ) [g(Ai ) − g(Ai−1 )] ,

(1)

i=1

where π is a permutation of X, such that h(xπ(1) ) ≥
h(xπ(2) ) ≥ . . . ≥ h(xπ(n) ), Ai = {xπ(1) , . . . , xπ(i) }, and
g(A0 ) = 0 [13], [27]. Detailed treatments of the properties of
FIs can be found in [13], [27], [28].
1 The FM values of the singletons, g({x }) = g i are commonly called the
i
densities.
2 Generally, when dealing with information fusion problems it is convenient
to have h : X → [0, 1], where each source is normalized to the unit-interval.
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Fig. 1: Lattice of FM elements for n = 3. Monotonicity
(P5) is illustrated by the size of each node, i.e., g({x1 }) ≤
g({x1 , x2 }) as {x1 } ⊂ {x1 , x2 }. Note that shorthand notation
is used where g(1, 3) is equivalent to g({x1 , x3 }).
C. Common Aggregations via the Choquet Integral
It is well known that the Choquet integral is a powerful
aggregation operator parametrized by a FM, and thus can
represent many aggregation functions [29]. For example, the
Choquet integral acts as the maximum operator when the FM
is all 1s (except g{∅} = 0, due to boundary constraints), the
minimum operator when the FM is all 0s (except g{X} = 1,
due to boundary constraints), and the mean operator when
g(Ai ) = |Ai |/n, ∀Ai ⊂ X.
D. Visualizing the Fuzzy Integral
The FM lattice (Hasse diagram) is a convenient method to
visualize a FM; Figure 1 illustrates the lattice of a FM for the
case of n = 3. Note that the size of the individual nodes in the
lattice indicates their relative magnitude, and monotonicity is
apparent since nodes at higher levels in the lattice are larger—
or at least as large—than those below.
The FM lattice alone, while useful for showing a FM,
does not give insight into how the Choquet integral at (1)
utilizes the lattice due to the π-permutation. Therefore, for
a particular input we also show the path through the lattice
followed by the Choquet integral. For example, suppose that a
particular data sample x and hypothesis h gives rise to the
permutation π = {2, 1, 3}. Then, for an arbitrary FM, the
lattice visualization includes the path shown in Figure 2a. This
visualization strategy allows us to summarize the FM as well
as the Choquet integral’s paths.
III.

T HE D E FIMKL A LGORITHM

The DeFIMKL algorithm was introduced in [7] as a method
of decision-level fusion in the context of classiﬁcation, where
a set of decisions from an ensemble of classiﬁers are nonlinearly fused via the Choquet FI. To mathematically describe
the algorithm, let the decision-value for feature-vector xi from
the kth classiﬁer in an ensemble be fk (xi ); the set of decisions
from the ensemble comprise the evidence h for the Choquet
integral. The evidence is then integrated with respect to the
FM g, which encodes the relative worth of each classiﬁer in
the ensemble. This results in the ensemble decision fg (xi ) for
feature-vector xi with respect to the FM g,
fg (xi ) =

m

k=1

fπ(k) (xi ) [g(Ak ) − g(Ak−1 )] ,

(2)

where u is the lexicographically ordered FM g, i.e.,
u = (g({x1 }), g({x2 }), . . . , g({x1 , x2 }), g({x1 , x3 }), . . . ,
g({x1 , x2 , . . . , xm })), and
⎞
⎛
..
.
⎟
⎜
⎜ fπ(1) (xi ) − fπ(2) (xi ) ⎟
⎟
⎜
..
⎟
⎜
⎟,
.
(5b)
Hx i = ⎜
⎟
⎜
0
⎟
⎜
⎟
⎜
..
⎠
⎝
.
fπ(m) (xi ) − 0















where Hxi is of size (2m −1)×1 and contains all the difference
terms fπ(k) (xi )−fπ(k+1) (xi ) at the corresponding locations of
Ak in u. Finally, folding out the squared term in (5a) produces
E2 =

uT Hxi HxTi u − 2yi HxTi u + yi2

i=1



(a) The path taken by the Choquet integral due to a single
input inducing the permutation
π = {2, 1, 3}. Note that the
FM was arbitrarily deﬁned in
this example, and their distribution (ordering) follows that of
Figure 1.

(b) Lattice of learned FM and
paths for random training data
from the Ionosphere data set
using m = 10. Note there are
numerous untouched nodes and
their learned values are driven
by the constraints in (9).

Fig. 2: Lattice visualization examples.
where Ak = {fπ(1) (xi ), . . . , fπ(k) (xi )}, such that fπ(1) (xi ) ≥
fπ(2) (xi ) ≥ . . . ≥ fπ(m) (xi ). This method has been explored
in many previous works as a generalized classiﬁer fusion
method [24], [29]–[31].
The FM completely speciﬁes the behavior of the Choquet
integral. Thus, the next step in understanding the DeFIMKL
algorithm is assigning a FM for the Choquet integral in (2),
of which there are many methods. For example, the Sugeno
λ-measure [15] may be naively used after specifying the FM
values of the singletons; however, there is no guarantee that
this choice of FM will yield acceptable results when used with
(2) since it does not take training data into account. To address
this, we suggested a data-driven method to learn the FM g
through regularized sum-of-squared error (SSE) optimization
in [32]. This method is summarized next.
Let the SSE be deﬁned as
E2 =

n


(3)


fπ(k) (xi ) − fπ(k+1) (xi ) g(Ak ),

(4)

k=1

where fπ(m+1) = 0 [27]. We can then expand the SSE as
E2 =

n


i=1

D=

n


HxTi u − yi

2

,

n


yi2 ,

(6)

i=1

Hxi HxTi ,

f =−

n


i=1

2yi Hxi .

i=1

Since (6) is a quadratic function, we can add constraints on
u such that it represents a FM, leading to a constrained QP.
We can write the boundary and monotonicity constraints on u
(see properties P4 and P5) as Cu ≤ 0, where
⎛
⎞
ΨT1
⎜
⎟
ΨT2
⎜
⎟
..
⎜
⎟
⎜
⎟
.
⎜
⎟
(7)
C=⎜
T
⎟
Ψ
n+1
⎜
⎟
..
⎜
⎟
⎝
⎠
.
ΨTm(2m−1 −1)
and ΨT1 is a vector representation of the monotonicity constraint, g{x1 } − g{x1 , x2 } ≤ 0. Hence, C is simply a matrix
of {0, 1, −1} values of size (m(2m−1 − 1)) × (2m − 1) with
the form
⎡
⎤
1 0 · · · −1 0 · · · · · ·
0
0 −1 · · · · · ·
0⎥
⎢1 0 · · ·
C=⎢
.
(8)
.
.
.
.
.
.
.
.. ⎥
⎣ .. ..
..
..
..
..
..
. ⎦
0

0

···

min 0.5uT D̂u + f T u,
u

It can be shown that (2), as a Choquet integral, can be
reformulated as
m



= uT Du + f T u +



0

0

···

1

−1

Thus, the full QP to learn the FM u is

2

(fg (xi ) − yi ) .

i=1

fg (xi ) =

n



(5a)

Cu ≤ 0,

(0, 1)T ≤ u ≤ 1,

(9)

where D̂ = 2D. Note that an additional regularization term
can be included in the QP as
min 0.5uT D̂u + f T u + λv∗ (u),
u

(10)

where λ is the regularization weight and v∗ (·) is some regularization function. For example, p -norm regularization is
applied when v∗ (u) = u p . 1 and 2 regularization of this
QP are discussed in [7], [32].
The QPs at (9) and (10) provide a method to learn the FM u
(i.e., g) from training data, thus completing the requirements

for calculating the Choquet integral at (2). We now review
how to use a kernel classiﬁer to determine the decision-value
fk (xi ). Speciﬁcally, we will show how to use the SVM with
this algorithm.
Suppose that each learner fk (xi ) is a kernel SVM, each
trained on a separate kernel Kk . The SVM classiﬁer decision
value is
n

αik yi κk (xi , x) − bk ,
(11)
ηk (x) =
i=1

which is interpreted as the distance of x from the hyperplane deﬁned by the learned SVM model parameters, αik
and bk [33], [34]. The class label is typically computed as
sgn{ηk (x)},3 which could be used as the training input to the
FM learning at (6), however, we remap ηk (x) onto the interval
[−1, +1] via the sigmoid function to create inputs for learning
as
ηk (x)
fk (x) = 
.
(12)
1 + ηk2 (x)
Thus, the training data for DeFIMKL are ({Kk =
[κk (xi , xj )], fk (X)}, y), k = 1, . . . , m, where Kk are the
kernel matrices for each kernel function κk , fk (X) =
(fk (x1 ), . . . , fk (xn ))T are the remapped SVM decision values, and y = (y1 , . . . , yn ) are the ground-truth labels of
X = (x1 , . . . , xn ), respectively; the output of the QP learner is
the FM g. Algorithm 1 summarizes the training process. After
training, a new feature vector x—from a test data set—can be
classiﬁed by via the procedure summarized in Algorithm 2.
Algorithm 1: DeFIMKL Classiﬁer Training
Data: (xi , yi ) - feature vector and label pairs; Kk kernel matrices
Result: u - Lexicographically ordered fuzzy measure
vector
for each kernel matrix do
Compute the kernel SVM classiﬁer decision values,
ηk , as in (11).
Remap the decision values onto the interval
[−1, +1] as fk using (12).
Solve the minimization problem in (9) for the FM u.
Algorithm 2: DeFIMKL Classiﬁer Prediction
Data: x - feature vector; Kk - kernel matrices; u learned fuzzy measure vector
Result: y - Predicted class label
Compute the SVM decision values fk (x) by using (11)
and (12).
Apply the Choquet integral at (2) with respect to the
learned FM u.
Compute the class label as y = sgn{fg (x)}.

TABLE I: Underlying and learned FMs (excluding g({∅})
and g(X) whose values are 0 and 1, respectively, due to the
boundary conditions).
Regularization
FM Term
Underlying
2 (min)
max
mean
g({x1 })
0.14
0.14
0.19
0.14
g({x2 })*
0.29
0.00017
0.93
0.33
g({x3 })
0.43
0.43
0.44
0.43
g({x1 , x2 })*
0.57
0.14
1
0.67
g({x1 , x3 })
0.71
0.69
0.71
0.71
g({x2 , x3 })
0.86
0.83
0.93
0.86
*FM terms marked with an asterisk are not addressed by the training data.

observations. Therefore, since so many rank-independent observations are rarely encountered in training data sets, there
will likely be values of the FM that are not data-driven. Figure
2b shows an example of this in the wild, where the Ionosphere
dataset 4 was used to train DeFIMKL with 10 classiﬁers. Note
that there are many nodes in the lattice that are never “touched”
by the training data; the learned values for these nodes is
completely driven by the monotonicity constraints in the QP,
the choice of regularization used, and the initialization used in
the QP solver. It is therefore highly unlikely that the learned
values at these nodes accurately represent the underlying FM,
and if Algorithm 2 is applied to a new data point that utilizes
one or more of the untouched nodes, prediction accuracy
will suffer. The following contrived example demonstrates
the behavior of the 2 -regularized DeFIMKL algorithm with
insufﬁcient training data.
Example 1. Learning an Underdetermined FM via 2 regularized DeFIMKL. A three-SVM 2 -regularized DeFIMKL
algorithm (i.e., m = 3, however these results are also indicative
of the behavior when m > 3) is trained with a synthetic dataset
that purposefully avoids two nodes in the fuzzy lattice and
was generated using the underlying FM shown in Table I; the
underlying FM was arbitrarily assigned. The FM learned by the
DeFIMKL algorithm is also shown in Table I. Note that two
nodes in the lattice, corresponding to g({x2 }) and g({x1 , x2 })
were not driven by the training data, and thus are essentially
driven by the monotonicity constraints.
What we see is that all nodes touched by the training
data (i.e., nodes traversed by the Choquet integral) are learned
successfully with minimal error (well within 5%). However,
the two nodes untouched by the training data are assigned
values based on monotonicity constraints. The node corresponding to g({x2 }) gets a value of essentially 0, satisfying the monotonicity constraint that g({∅}) ≤ g({x2 }) ≤
min(g({x1 , x2 }), g({x2 , x3 })), and the node corresponding
to g({x1 , x2 }) gets a value of 0.14 to satisfy the constraint
max(g({x1 }), g({x2 })) ≤ g({x1 , x2 }) ≤ g({X}). Note that
in both of these cases, the learned FM value is essentially
the minimum value permitted by the monotonicity constraints.
This, as will be shown in the following section, is due to the
2 -regularization of the DeFIMKL algorithm.
IV.

FM L EARNING WITH A G OAL

A. FM Learning Behavior with Insufﬁcient Training Data
Learning the entire FM for a DeFIMKL classiﬁer utilizing
m classiﬁers requires at least 2m (or 2m − 2, observing
the boundary conditions in property P4) rank-independent

The standard DeFIMKL algorithm discussed in the previous section assumes that the structure of the underlying FM is
not known, thus no information regarding the underlying FM

3 Note that the sgn(·) function discards information about how well the
kernel separates the classes of data.

4 Retrieved from UCI Machine Learning Repository. Available online at
http://archive.ics.uci.edu/ml

TABLE II: Classiﬁcation Accuracy of Various Regularization Functions*
Regularization
None
1
2 (min)
max
mean

Sonar
80.5 (5.63)
78.4 (7.23)
λ = 0.5
80.0 (6.72)
λ = 0.5
72.0 (7.58)
λ = 0.5
76.6 (7.17)
λ = 0.5

Derm
94.3 (2.61)
89.6 (4.35)
λ = 0.5
91.9 (3.09)
λ = 0.5
97.4 (1.88)
λ = 1.5
97.7 (1.49)
λ=3

Ecoli
97.3 (1.90)
91.8 (2.79)
λ=5
91.8 (2.79)
λ = 0.5
97.9 (1.91)
λ = 4.5
97.1 (2.14)
λ = 1.5

Data Set
Glass
91.2 (4.39)
82.7 (6.77)
λ = 0.5
85.9 (5.79)
λ = 0.5
94.2 (3.97)
λ = 4.5
95.2 (3.07)
λ=1

Toy 3
84.7 (6.48)
64.4 (7.23)
λ = 2.5
64.2 (7.05)
λ = 2.5
88.5 (6.35)
λ = 1.5
94.8 (4.50)
λ = 1.5

Toy 5
95.0 (3.39)
91.0 (4.87)
λ = 0.5
92.4 (3.88)
λ = 0.5
94.3 (2.84)
λ=2
96.7 (2.30)
λ=5

*Bold indicates best result according to a two-valued t-test at a 5% signiﬁcance level.

is encoded in the QP. If, however, the FM is partially known,
the QP at (10) should include that information. To this end,
we propose the regularization function
v∗ (u) = λ u − g 2p ,

(13)

where g represents a goal of what we expect the FM to look
like. Including this regularization function in the QP (with p =
2) gives
min 0.5uT D̂u + f T u + λ u − g 22 ,
u

(14)

and the QP then also simultaneously minimizes the Euclidean
distance between the learned FM u and the goal g. Expanding
the regularization term in (14) leads to


T
min 0.5uT D̂ + λI u + (f − 2λg) u,
(15)
u

showing that the inclusion of this regularization function still
results in a valid QP, though this comes as no surprise since
the regularization function in (13) is quadratic in u.
A. 2 -regularization: Minimum Aggregation
It is interesting to note that when g = 0, the regularization
function in (13) reduces to that of p -norm regularization of the
FM vector. This is precisely why the learned FM’s untouched
nodes of last section’s example “default” to lie at the lowest
end of their allowable range as shown in Table I—we are
essentially forcing the untouched FM values to be as close to
zero as possible through our choice of 2 -norm regularization.
Tying this with the aggregation operators discussed in Section
II-C, we recognize that when g = 0 we are forcing the Choquet
integral to aggregate like the minimum function.
B. Maximum Aggregation
Deﬁning the goal as all 1s causes the untouched nodes
to default to the maximum end of their allowable range,
tuning the Choquet integral’s behavior to that of maximum
aggregation (see Section II-C). Rerunning the example in
Section III-A with this goal yields the FM summarized in Table
I, where it is obvious that the untouched nodes are assigned
the maximum possible value permitted by the monotonicity
constraints. Note that in this example the learned FM values
for g({x1 }) and g({x2 , x3 }) have been pushed farther from
the underlying FM, though they still lie fairly close. This
discrepancy is due to the choice of λ, which essentially “tunes”
where the error is incurred in the QP at (14)–a larger value
of λ will force the learned FM to look like the goal g despite
perturbing the data-driven nodes away from their underlying
values. λ was arbitrarily set to 1 in these experiments.

Toy 8
98.4 (1.76)
96.9 (2.74)
λ=5
91.4 (4.36)
λ=5
98.9 (1.61)
λ = 2.5
98.4 (1.89)
λ=1

C. Mean Aggregation
As a ﬁnal example, we deﬁne the goal of the FM to be
that of mean aggregation as explained in Section II-C. Doing
so leads to the learned FM shown in Table I. Interestingly, the
learned FM at the data-driven nodes is more accurate than that
of the previous case of maximum aggregation. We attribute this
to the fact that the goal of mean aggregation is more similar
to the underlying FM than the goal of maximum aggregation.
V. E XPERIMENTS
Experiments were performed using no regularization,
p −norm regularization, and the goal-based regularization
function in (13) with the DeFIMKL algorithm on various
datasets from the UCI Machine Learning repository as well
as toy datasets generated to purposefully exclude 80% of
the training of nodes in an arbitrarily generated fuzzy lattice
(three toy datasets were generated using 3, 5, and 8 densities,
respectively). Each experiment consists of 100 trials, where in
each trial a random partition of 80% of the data is used for
training and the remaining data is sequestered for testing; the
results we report comprise the mean and standard deviation
of classiﬁcation accuracies. Finally, we vary the regularization
parameter, λ, to explore its effect on classiﬁcation accuracy
and the results with the best λs are reported; so, essentially
we are comparing the best from each algorithm.
A. Results
Table II summarizes the results of these experiments. The
best algorithms for each dataset are shown in bold font; a twosample t-test at a 5% signiﬁcance level is used to determine
the statistically best results—hence, more than one algorithm
can be considered as best. In all experiments at least one goalbased regularization function emerges as a top performer. We
also ﬁnd that the max and mean goal-based regularization
functions achieve superior results on the Dermatology and
Glass datasets, suggesting that the data deﬁne an underlying
FM that is most similar to mean or max aggregation. There is
no clear trend in the results versus the regularization parameter
λ, and not surprisingly the best selection of λ varies based on
the dataset used.
VI.

C ONCLUSION

This paper ﬁrst introduced a visualization technique that
shows both the FM as well as the Choquet integral’s path
through the lattice. We also proposed and applied a new
regularization function to our previously developed decisionlevel aggregation algorithm known as DeFIMKL. Including
this new regularization function in the DeFIMKL algorithm
allows knowledge of an underlying FM to be encoded into

the algorithm’s training procedure; thus, the user can deﬁne
a particular goal for the FM before learning. We discussed
the application of the new regularization function and demonstrated its behavior using synthetic and real-world datasets
where we found that tuning the Choquet integral’s behavior
to that of max or mean aggregation tended to do best across
all datasets.
A. Future Work
The regularization extension proposed in this paper allows
knowledge of an underlying FM to be encoded into the
learning process of DeFIMKL, though we acknowledge the
fact that the underlying FM is typically not known. We also
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