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Abstract—Fuzzy integrals are non-linear combinations of a
hypothesis support function and the (possibly subjective) worth
of subsets of sources of information, realized by a fuzzy measure.
They are used in many applications, with data fusion being the
most well-known. In most applications, the fuzzy measure is
built by some external knowledge about the worth of subsets
of the information sources, whether by a subjective expert or
objective sensor property, such as signal-to-noise ratio. In this
paper, we investigate fuzzy measures for interval-valued evidence
that have no intrinsic known worth; hence, the fuzzy measure
cannot or should not be built in the conventional ways. Instead,
the fuzzy measure is built directly from the data. We examine
the previously proposed fuzzy measure of agreement, which
builds the fuzzy measure by a computation of the agreement
of combinations of sources (sources from which the contributed
evidence has a high degree of agreement with evidence from other
sources have a high worth). We also propose a new fuzzy measure
of generalized accord that addresses a theoretical weakness in
the agreement measure. We compare the two fuzzy measures
by performing aggregation experiments with the fuzzy Choquet
integral. Tests on both synthetic and real data are performed. We
also compare the two measures against the aggregation results
obtained by a survey of several example data sets.

I. I NTRODUCTION
Aggregating multiple information sources is one basic approach used to answer questions or prove hypotheses. One way
that this is done in fuzzy sets is with the fuzzy integral (FI). The
discrete FI aggregates sources of information by a weighted
sum, where the summation weights are computed by a fuzzy
measure (FM) that models the (typically subjective) “worth”
of subsets of the sources. In most applications, the measure is
specified by an expert or learned (e.g., by a genetic algorithm
[1, 2]).
FIs and FMs have been proposed for many applications and
for many types of data, from simple numeric data to intervals
and type-2 fuzzy sets [1–12]. While manual specification of

the FM works for small sets of sources (there are already
15 possible combinations of sources in the power set of 4
sources), manually specifying the values of the FM for large
collections of sources is all but impossible. Thus, automatic
methods have been proposed, such as the Sugeno λ-measure
[13] and the decomposable measure [14], which build the
measure from the densities (the worth of individual sources),
and genetic algorithm approaches [1, 2], which build the
measure by using training data. These methods work well for
scenarios in which the worth of individual sources is known
or training data are available, but one could easily imagine
aggregation problems for which this information is unavailable
(i.e., all problems where no solution—ground truth—is known,
thus training / learning as such is not possible).
One area where this scenario is encountered is crowdsourcing. In this application, very little or no information is
available about the overall solution or the individual contributors and, hence, each individual is usually considered as having
an equally worthy contribution. However, this is clearly not
the reality. The crowd is usually composed of people with
varying levels of expertise on the topic. Furthermore, some individuals may not have altruistic aims and may knowingly (or
unknowingly) contribute erroneous information. In [15, 16],
methods were developed to filter contributors by ranking them;
however, these methods are purpose-built strategies and are not
appropriate for generalized approaches to aggregating crowdsourced information.
In our proposed approach—and in our original work on
this topic [17]—we aim to use the overall data set to extract the worth of individual contributors. While in [17] we
focused on the creation of meta-measures (viz., combinations of measures) with the purpose of aggregating based on
multiple criteria such as agreement and specificity, in this
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The λ-measure is especially attractive because one only has
to provide the measures of the singletons; the densities of the
non-singleton sets are calculated using (1). Another FM that is
built using the densities g i is the decomposable measure [14]
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paper we specifically investigate the design and refinement
of measures of agreement. Thus, the FMs discussed here
establish the worth of combinations of sources by measuring
their agreement, with the notion that sources that agree are
more “worthy” members of the crowd. The assumption is
that individuals that are erroneous in their support for the
hypothesis will not agree; hence, their overall contribution will
be worth less.
We first discuss the existing FM of agreement, proposed in
our previous work [17], exposing a drawback to this FM. To
combat this drawback, we propose the FM of generalized accord, which is based on aggregation of set similarity functions
(i.e., Jaccard and Dice). We compare these two FMs using the
Choquet integral to aggregate intervals from synthetic data
sets. The results are compared to human observations collected
via a survey. Finally, we demonstrate the two measures on real
survey data collected about campus restaurants.
Section II outlines the proposed FMs for interval-valued
data and Section III compares the two measures using the
Choquet integral for both synthetic and real data. Section IV
concludes this paper. We now turn to an introduction on FMs
and FIs.
A. Fuzzy measures and integrals
Let X = {x1 , . . . , xN } be a non-empty finite set (typically
of information sources or evidence) and g : 2X → [0, 1] be a
FM with the following properties [3]:
(P1) g(∅) = 0, g(X) = 1;
(P2) If A ⊆ B ⊆ X then g(A) ≤ g(B) ≤ 1 (g is monotonic
and non-decreasing).
Note that there is a third property for continuous FMs which
is not applicable in the case of discrete FMs such as those
used in this paper. The measure g is the (possibly subjective)
confidence or worth of each subset of X; hence, P1 tells us
that the worth of no sources, viz., the empty set ∅, is 0 and
the worth of all sources, the universal set X, is 1. P2 follows
intuition, in that two sources are worth at least as much as
one, three sources are worth at least as much as two, and so
on.
A well-known FM is the Sugeno λ-measure [13], which for
sets A ⊆ X and B ⊆ X, such that A ∩ B = ∅,
gλ (A ∪ B) = gλ (A) + gλ (B) + λgλ (A)gλ (B).

(1)

This measure has the added benefit that it is easy and fast to
compute.
There are many forms of the FI; see [3] for detailed
discussion on many of them. In practice, FIs are mostly used
for evidence fusion [1, 4–7]. They combine sources of information by accounting for both the support of the question (the
evidence) and the expected worth of each subset of sources
(as supplied by the FM g). Here, we focus on the discrete
fuzzy Sugeno and Choquet integrals, proposed by Murofushi
and Sugeno [18, 19]. Let h : X → [0, ∞) be a real-valued
function that represents the evidence or support of a particular
hypothesis (generally, when dealing with information fusion
problems it is convenient to have h : X → [0, 1]). The discrete
fuzzy Sugeno and Choquet integral are defined, respectively,
as
Sg (h) =
Cg (h) =

N
_
i=1
N
X


h(xπ(i) ) ∧ g(Ai ) ,
h(xπ(i) ) [g(Ai ) − g(Ai−1 )] ,

(Sugeno)

(4)

(Choquet)

(5)

i=1

where π is a permutation of X, such that h(xπ(1) ) ≥
h(xπ(2) ) ≥ . . . ≥ h(xπ(N ) ), Ai = {xπ(1) , . . . , xπ(i) }, and
g(A0 ) = 0 [10, 20].
In some cases, the evidence h cannot, or should not, be
represented simply by numbers; h would be better represented
as an interval-valued or fuzzy number-valued function. An
example is the survey question, “How many bottles of wine
should I purchase for the reception?” Many people would
answer question with an interval, e.g., “between 20 and 30,”
or a fuzzy set, e.g., “about 25.” Extensions of both the fuzzy
Sugeno and fuzzy Choquet integral have been proposed for
both interval-valued and also fuzzy number-valued integrands
[8–12]. In this paper, we will focus on interval-valued evidence.
Let I(R) = {ū ⊂ R|ū = [u− , u+ ], u− ≤ u+ } be the
set of all closed intervals over the real numbers. Dubois and
Prade showed that if a function φ is continuous and nondecreasing, then, when defined on intervals, φ produces an
interval the endpoints of which are equal to the function values
on the lower and upper bound of the individual intervals,
viz., φ(ū) = [φ(u− ), φ(u+ )]. This approach benefits us in

computing the Choquet integral for intervals as it is continuous
and non-decreasing. Let H̄ : X → I(R), where H̄i =
+
H̄(xi ) = [h−
i , hi ] is interval-valued integrand (evidence). The
Choquet integral on H̄ is defined as


Cg (H̄) = Cg (h− ), Cg (h+ ) ,
(6)
where the output Cg (H̄) is itself interval-valued.

which proves the corollary for K = 1, i = [2 : N ].
By inspection, we can write (8) as (10), as shown on the
next page, and by the distributive property, we can further
reduce (10) to

UK (Ai ) = UK (Ai−1 ) ∪ UK−1 (Ai−1 ) ∩ H̄π(i) ,
(11)
which holds true for K = [2 : i], i = [2 : N ]. The proof is
complete because (11) implies that

II. F UZZY M EASURES ON I NTERVALS
A. Measure of agreement

|UK (Ai−1 )| ≤ |UK (Ai )|,

K = [2 : i], i = [2 : N ].

Consider the interval-valued evidence H̄ = {H̄1 , . . . , H̄N }.
The FM of agreement proposed in [17] is computed as
g AG (A0 ) = g AG (A1 ) = 0,
g AG (Ai ) =

i−1
[

i
[

(7a)

H̄π(k1 ) ∩ H̄π(k2 ) z2 +

(7b)

k1 =1 k2 =k1 +1
i−2
[

i−1
[

g AG (Ai−1 ) =

i−1
X

|Uk (Ai−1 )|zk

k=2

i
[

H̄π(k1 ) ∩ H̄π(k2 ) ∩ H̄π(k3 ) z3 +

≤

k1 =1 k2 =k1 +1 k3 =k2 +1

. . . + H̄π(1) ∩ H̄π(2) ∩ . . . ∩ H̄π(i) zi ,

g AG (Ai ) =

i
X

|Uk (Ai )| zk .

(9)

k=2

This formulation shows that g AG is the weighted summation
of the cardinalities (lengths) of (i − 1) (sets of) intervals,
where the kth term, Uk (Ai ), is composed of the union of
the intersections of the k-tuples in Ai ⊆ H̄. The measure of
agreement formulation at (9) leads to the following theorem
as well as a computationally efficient way of calculating g AG
for use in the Choquet integral.
Theorem 1. The FM of agreement at (7) is monotonic and
non-decreasing.
Before we prove this theorem, we need to prove the following corollary.
Corollary 2. |UK (Ai−1 )| ≤ |UK (Ai )|, K = [i], i = [2 : N ].
Proof: First, by setting K = 1, we see that
i
[

H̄π(k1 ) ,

i
X

|Uk (Ai )|zk = g AG (Ai ),

k=2

i = [2 : N ],

where A0 = ∅, Ai = {H̄π(1) , . . . , H̄π(i) } is the permuted
set of intervals, and zi is the weight of each term.1 In [17],
zi = i/N ; however, one could use any values for zi , such that
z2 ≤ z3 ≤ . . . ≤ zN . Let UK (Ai ) be the interval defined by
(8) as shown on the next page, then (7) can be rewritten as2

U1 (Ai ) =

We can now prove Theorem 1.
Proof: For set Ai−1 ⊂ Ai , Corollary 2 shows that

i = [N ].

k1 =1

Thus, we see that U1 (Ai ) = U1 (Ai−1 ) ∪ H̄π(i) , i = [2 : N ].
It follows that
|U1 (Ai−1 )| ≤ |U1 (Ai )|,
1 Note that (7) was written incorrectly in [17]. The last term in the
summation was given a weight of zN , which should be zi as shown in (7).
2 Note that U (A ) is not necessarily a closed interval.
i
K

proving the theorem.
In practice, g AG is normalized by
g̃ AG (Ai ) =

g AG (Ai )
,
g AG (H̄)

(12)

so that g̃ AG (H̄) = 1. Hence, the formulation of g̃ AG (Ai ),
coupled with Theorem 1, shows that g̃ AG obeys the properties
P1 and P2 of a FM. From this point on, we will assume that
g AG is normalized, dropping the tilde notation.
Remark 1. Equation (11) gives us a computationally efficient
way to compute g AG (Ai ), i = [2 : N ]. The method is as
follows:
1) g AG (A1 ) = 0;
2) For i = [2 : N ], compute and store UK (Ai ), K = [2 : i],
by the dynamic program at (11);
3) Compute g AG (Ai ) at (9);
4) Normalize by (12).
A drawback of the AG measure is that the cardinality of the
interval(s) composed by (8) only captures the overall length
and not necessarily the agreement of the intervals. Consider the
example shown in Fig. 1. Scenarios A and B each show three
sources of information as intervals, sources {(1), (2), (3)}. We
believe that most human observers would say that the sources
in Scenario B agree more than the sources in Scenario A.
However, if we examine the lengths of the intervals U2 (A3 )
and U3 (A3 ) that would be summed to compute g AG (A3 ), we
clearly see that Scenario A would give a much higher value of
g, and thus more importance to the combination of the three
sources (recall that g (AG) (A3 ) = |U2 (A3 )|z2 + |U3 (A3 )|z3 ).
Furthermore, it can be shown that every combination of
sources in Scenario A are given a higher agreement by g AG
than those in Scenario B. This inconsistency with our intuition
leads us to propose a FM of Generalized Accord (GenA).

UK (Ai ) =

i−K+1
[ i−K+2
[

...

k1 =1 k2 =k1 +1

i
[


H̄π(k1 ) ∩ H̄π(k2 ) ∩ . . . ∩ H̄π(kK ) ,

(i−1)−(K−1)+1 (i−1)−(K−1)+2

UK (Ai ) = UK (Ai−1 ) ∪

K = [i], i = [N ],

(8)

kK =kK−1 +1

[

[

k1 =1

k2 =k1 +1

(1)
(2)

i−1
[

···

H̄π(k1 ) ∩ H̄π(k2 ) ∩ . . . ∩ H̄π(kK−1 ) ∩ H̄π(i)



(10)

kK−1 =kK−2 +1

(15) can be written in a similar spirit to (9) as

(3)

g GenA (Ai ) = αH̄

i
X

SK (Ai ),

(16)

K=1

U2({(1),(2),(3)})

where SK (Ai ) is shown on the next page at (17). The quantity
SK (Ai ) is the sum of the similarities of the K-tuples in Ai ,

N −1
. Hence, SK (H̄) is the
weighted by an overall value of K
average value of the similarities of all K-tuples in H̄.

U3({(1),(2),(3)})
(a) Scenario A

(2)

(1)

Remark 2. The constant multiple αH̄ is computed as

(3)

N
X

αH̄ =

,

(18)

so that g GenA (H̄) = 1. If H̄1 = H̄2 = . . . = H̄N then
αH̄ = 1/N . This results from the boundary condition of s and
N
that there are K
terms in each of the K inner summations
in (18).

U3({(1),(2),(3)})
(b) Scenario B
Fig. 1. Two scenarios that each show the union of the intersections of the
2-tuples and 3-tuples for three sources of information.

B. Measure of generalized accord
We start by defining a boundary condition of an interval
similarity function s : Ai → [0, 1] that we will use in the GenA
measure; if H̄π(1) = H̄π(2) = . . . = H̄π(i) , then s(Ai ) = 1.
Two similarity functions that have this boundary condition are
Jaccard’s similarity and Dice’s coefficient, defined respectively
as
|H̄π(1) ∩ H̄π(2) ∩ . . . ∩ H̄π(i) |
;
|H̄π(1) ∪ H̄π(2) ∪ . . . ∪ H̄π(i) |
2|H̄π(1) ∩ H̄π(2) ∩ . . . ∩ H̄π(i) |
.
sD (Ai ) =
Pi
k=1 |H̄π(k) |

SK (AN )

K=1

U2({(1),(2),(3)})

sJ (Ai ) =

!−1

(13)
(14)

The strength of Dice’s coefficient is that the interval union does
not need to be calculated, resulting in a less computationally
complex similarity function.
Using s, we propose the GenA measure at (15), shown

N −1
on the next page, where the binomial coefficient term K
accounts for the number of possible K-tuples in H̄. Equation

Theorem 3. The GenA measure at (15) and (16) is monotonic
and non-decreasing, and g GenA (H̄) = 1.
Proof: Proving that g GenA (H̄) = 1 is trivial. Simply
substitute αH at (18) into (15) and notice that AN = H̄ and,
thus, i = N in (15).
To prove that (15) is monotonic, we use the formulation at (16) and rewrite it as (19), as shown on the next
page. Since all quantities in (19) are ≥ 0, this shows that
g GenA (Ai ) ≥ g GenA (Ai−1 ). Furthermore, because Ai−1 ⊂
Ai , this proves that the GenA measure at (15) is monotonic
and non-decreasing.
The preceding theorem shows that the GenA measure is a
FM that obeys properties P1 and P2.
Remark 3. Theorem 3 holds true for any similarity function
s : Ai → [0, 1]. The equation at (19) also illustrates how the
GenA measure can be efficiently computed by incrementing
through the lattice Ai , i = [N ].
Using the AG or GenA measure, we can calculate the
Choquet integral for interval evidence H̄ by the following
steps:
1) Determine the permutation functions π − and π + , such
−
−
+
that h−
π − (1) ≥ hπ − (2) ≥ . . . ≥ hπ − (N ) and hπ + (1) ≥
+
+
hπ+ (2) ≥ . . . ≥ hπ+ (N ) ;

g

GenA

(Ai ) =

(
0,
αH̄


N −1
K=1 K

Pi

SK (Ai ) =

hP
i−K Pi−K+1
k1 =1

 −1 i−K
X
N
K

k2 =k1 +1

i−K+1
X

k1 =1 k2 =k1 +1

...

i = 0, 1,

i
, i = [2 : N ],
H̄π(k1 ) , H̄π(k2 ) , . . . , H̄π(kK )
kK =kK−1 +1 s
(15)

Pi

i
X

...

s

i−1  −1 i−1−K
X
X i−1−K+1
X
N
GenA

g
(Ai ) =αH̄ Si (Ai ) +
...
K
K=1

k1 =1

H̄π(k1 ) , H̄π(k2 ) , . . . , H̄π(kK )



.

(17)

kK =kK−1 +1



+ g GenA (Ai−1 ),



k2 =k1 +1

i−1
X


s



H̄π(k1 ) , H̄π(k2 ) , . . . , H̄π(kK ) , H̄π(i)





kK =kK−1 +1

i = [2 : N ]

+
2) Calculate g(A−
i ) and g(Ai ) using the AG or GenA
measure, where

A−
i ={H̄π − (1) , . . . , H̄π − (i) },
A+
i ={H̄π + (1) , . . . , H̄π + (i) };
3) Compute Cg (H̄) = [Cg (h− ), Cg (h+ )].
III. D EMONSTRATION ON I NTERVAL DATA
A. Synthetic examples
Now we look at some synthetic examples. Figure 2 shows
six examples of the Choquet integral using the AG measure
and GenA measure with the Jaccard similarity. It also shows
the aggregation result of 27 human observers who were asked
to aggregate each set of intervals into a single interval. The
mean interval is shown by the black interval on the Human
scale; the red wings show ± one standard deviation. Data set
1 in view (a) shows that the three sources (3, 4, 5) have a
much stronger influence on the GenA result than with the AG
result. This is because, although the length of the intersection
of sources 1 and 2 is greater than the length of the intersection
of 3, 4, and 5 (viz., |H̄1 ∩ H̄2 | > |H̄3 ∩ H̄4 ∩ H̄5 |), the Jaccard
similarity of 3, 4, and 5 is greater than that of 1 and 2,
|H̄3 ∩ H̄4 ∩ H̄5 |
|H̄1 ∩ H̄2 |
<
.
|H̄1 ∪ H̄2 |
|H̄3 ∪ H̄4 ∪ H̄5 |
Data set 2 in Fig. 2(b) adds another source. Now we see that
sources 1, 2, (and the new source 3) start to influence more
the GenA integral. However, in Data set 2, the AG answer
is still completely dominated by sources 1, 2, and 3. While
our theoretical understanding of the two measures leads us to
believe that the GenA measure better represents how a human
observer would judge the agreement of sources, the Human
result in Data set 1 and Data set 2 does not seem to prefer
either the AG or GenA result. The GenA result in Data set 2
seems to agree better with the human observer.
Data set 3 in Fig. 2(c) shows that the human observer
aggregates these six intervals into a wider interval than both
the AG and GenA result. Furthermore, the human result
has a high standard deviation as some observers chose the

(19)

interval starting at approximately 1.5 and ending at about 8.5
(basically, where the left 3 start and the right 3 end). The
GenA measure is slightly oriented towards the left 3 sources
as they agree to a higher degree than the right 3 sources.
The interval sources in Data sets 4 and 5 are identical; the
ordering was merely permuted to test the human observers
response to ordering. The AG and GenA results are nearly
identical for the sources in Data sets 4 and 5. It could be
argued that the AG result agrees slightly more with the human
observer than the GenA result (albeit very slightly). The final
data set, shown at Fig. 2(f), illustrates that the all three
aggregation results produce nearly the same answer, with the
GenA result agreeing slightly more with the human than the
AG result.
Overall, the results in Fig. 2 suggest that both the AG and
GenA are good at matching the human observer. Furthermore,
it seems that the human observer attributes much more uncertainty (a wide interval) in their aggregation than the FI results.
B. Real data
Figure 3 shows the survey data collected at the University
of Nottingham campus. Students and staff were asked to
rate local restaurants and food outlets in eight categories.
The survey covered the Menu, Staff, Speed, Food, Cost,
Range(Food), Range(Drinks), and Overall categories of 20
restaurants—we randomly chose 10 to show for this paper.3
Each survey participant was asked to rate each aspect by
providing an interval, where the size of the interval allowed
the participants to express uncertainty or variation in the
specific aspects. No additional knowledge is recorded about
each survey participant; hence, we used the AG and GenA
measure with the fuzzy Choquet integral to aggregate the
results. The left column for each restaurant shows the survey
aggregation using the AG measure; the right column shows
the aggregation using the GenA measure. As you can see, the
results from each measure are very similar. The overall profile
of each restaurant (i.e., the results taken as a whole) seem very
similar. For example, restaurants #1 and #8 have fairly certain
3 We

have deliberately taken the restaurant names off of our results.
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Fig. 2. Results comparing Choquet integral aggregation with AG and GenA measures to human survey results. Red wings on human interval indicates one
standard deviation.

(or varying) aggregated survey results, while restaurants #7
and #9 have more uncertain (or less varying) results. However,
there are some interesting differences in the results obtained
from each of the measures.
There are several cases where the GenA result is more
certain in its aggregated rating than the AG result. Most
notably, the AG Food rating for restaurant #9 is [2.5 − 8.5],
while the GenA Food rating is [4.5−9]. Other examples where
the GenA result is more certain in its rating include the Menu
and Staff ratings of restaurant #1, the Food and Cost ratings
of restaurant #4, the R(drinks) rating of restaurant #8, and the
R(food) and R(drinks) ratings of restaurant #10.
The more-certain GenA result follows directly from its
design—it allows participants that are certain about their rating
(viz., small interval ratings) that are in agreement to have
an equal contribution as uncertain survey participants that are
in agreement. The AG result will be dominated by uncertain
survey participants that are in agreement, hence, producing a
more uncertain result.
IV. C ONCLUSIONS
As discussed, the techniques for information aggregation
discussed in [17] and in this article apply to problems where
information is available from multiple data sources but no
information is known about the sources and no sample data
or other approach of learning about the (“worths” of) the
sources is available / possible—e.g., because no correct solution is known. The body of problems which fit this description has grown dramatically in recent years where the
internet and social networking have continued to facilitate
the coming together of individuals to solve problems or rate
objects and concepts. Examples range from product ratings

on online retailer websites to the Amazon Mechanical Turk
(https://www.mturk.com) which allows the crowd-sourcing of
problems requiring human input (e.g., rate how dangerous is
this situation or how romantic is this picture, etc.). A main
challenge here is how to make sense of all the individual “solutions” contributed and how to extract an appropriate answer
while trying to consider all opinions without being misled by
less-knowledgeable or purposefully erroneous responses.
To extract an appropriate answer from multiple sources in
these contexts we have proposed the use of FMs and the FI
and specifically the use of FMs of agreement potentially in
combination with other measures such as a FM of specificity
[17]. Agreement here aims to mechanize a democratic quality
in the information aggregation process and thus not to, for example, exclude outliers but to weight contributions according
to their similarity to the contributions of others.
Importantly, the question of what an overall and “appropriate” answer is is strongly problem dependent. In this
article, we have specifically considered the example of fusing
information from multiple survey participants who rated eating
places based on certain categories. We showed first how the
original AG and the proposed GenA FMs result in aggregated
outputs that mimic the aggregation done by human participants
/ aggregators. Second, we showed that the GenA approach
generally provides more certain (i.e., smaller intervals) outputs
in comparison to the AG approach as it relies less on agreement of uncertain evidence. This latter quality is both desirable
and intuitive as agreement of highly uncertain information
sources should contribute less to an overall consensus. For
human use of the final aggregated information, a more certain
response will be useful as it may be difficult to put a less
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Restaurant #10

Restaurant profiles computed by aggregating survey results with Choquet integral and AG and GenA measures.

certain response into practice. However, if the final outputs
were to be used as part of another system (e.g., a goods
recommender system for an online retailer), uncertainty may
well be included as part of the sorting process.
Overall, we believe that the theoretical properties of the
GenA measure are superior to that of the AG measure.
The GenA measure is flexible in that any interval similarity
measure can be used, which allows the user to tailor the type of
agreement that she would like to capture. Using the Jaccard or
Dice similarity measure with the GenA measure provides the
intuitively-pleasing property that interval agreement is scaled
based on the size of the intervals; hence, certain (small)
intervals that agree are given the same weight as uncertain
(large) intervals that agree. Furthermore, we proved results
which show that both the AG and GenA measure obey the
necessary properties of FMs. The formulations used in these

proofs also gave us a way to efficiently calculate the AG and
GenA measures for use with FIs, an important consideration
for big data applications.
As with many applications of FIs, especially those that use
interval- or fuzzy-valued inputs, validation can be tricky. In
this study, we compared our results against human observer
aggregation and in a survey aggregation example that rates
the quality of different food service categories. Thus, our
conclusions are merely anecdotal. We hope to find data for
which validation can truly be performed for future work in
this area.
Lastly, the AG measure was initially proposed as one member of a meta-measure, along with the measure of specificity.
Hence, our future aim will be to study how the GenA measure
fits into the meta-measure framework proposed in [17], with
the overall goal of creating an autonomous framework for

aggregating interval data and, more generally, type-k fuzzy
information.
ACKNOWLEDGEMENTS
This work was funded in part by the RCUK’s Horizon
Digital Economy Research Hub Grant (EP/GO65802/1) and
by the National Institute of Justice (2011-DN-BX-K838).
R EFERENCES
[1] M. Anderson, D. T. Anderson, and D. Wescott, “Estimation of adult
skeletal age-at-death using the sugeno fuzzy integral,” American Journal
of Physical Anthropology, vol. 142, no. 1, pp. 30–41, 2009.
[2] D. Anderson, J. Keller, and T. Havens, “Learning fuzzy-valued fuzzy
measures for the fuzzy-valued Sugeno fuzzy integral,” in Proc. IPMU,
Dortmund, Germany, 2010.
[3] M. Grabisch, Ed., Fuzzy Measures and Integrals: Theory and Applications. New York: Physica-Verlag, 2000.
[4] M. Grabisch, Fuzzy Measures and Integrals: Theory and Applications.
New York: Physica-Verlag, 2000, ch. Fuzzy integral for classification
and feature extraction, pp. 415–434.
[5] J. Keller, P. Gader, and A. Hocaoglu, Fuzzy Measures and Integrals:
Theory and Applications. New York: Physica-Verlag, 2000, ch. Fuzzy
integral in image processing and recognition, pp. 435–466.
[6] S. Auephanwiriyakul, J. Keller, and P. Gader, “Generalized Choquet
fuzzy integral fusion,” Information Fusion, vol. 3, pp. 69–85, 2002.
[7] H. Tahani and J. Keller, “Information fusion in computer vision using
the fuzzy integral,” IEEE Trans. Systems Man Cybernet., vol. 20, no. 3,
pp. 741–773, 1990.
[8] D. Zhang and Z. Wang, “Fuzzy integrals of fuzzy valued functions,”
Fuzzy Sets and Systems, vol. 54, pp. 63–67, 1993.
[9] R. Yang, Z. Wang, P. Heng, and K. Leung, “Fuzzified Choquet integral
with a fuzzy-valued integrand and its application on temperature prediction,” IEEE Trans. SMC-B, vol. 38, no. 2, pp. 367–380, Apr. 2008.

[10] M. Grabisch, H. Nguyen, and E. Walker, Fundamentals of Uncertainty
Calculi, With Applications to Fuzzy Inference.
Dordrecht: Kluwer
Academic, 1995.
[11] T. C. Havens, D. T. Anderson, and J. M. Keller, “A fuzzy Choquet
integral with an interval type-2 fuzzy number-valued integrand,” in Proc.
IEEE Int. Conf. Fuzzy Systems, Barcelona, Spain, 2010, pp. 1–8.
[12] D. T. Anderson, T. C. Havens, C. Wagner, J. M. Keller, M. Anderson, and
D. Wescott, “Sugeno fuzzy integral generalizations for sub-normal fuzzy
set-valued inputs,” in Proc. IEEE Int. Conf. Fuzzy Systems, Brisbane,
Australia, 2012, pp. 1–8.
[13] M. Grabisch, T. Murofushi, M. Sugeno, and J. Kacprzyk, Fuzzy Measures and Integrals. Theory and Applications. Berlin: Physica Verlag,
2000.
[14] D. Dubois and H. Prade, Fuzzy Sets and Systems: Theory and Application. New York, NY: Academic Press, 1980.
[15] A. Doan, R. Ramakrishnan, and A. Y. Halevy, “Crowdsourcing systems
on the world-wide web,” Communications of the ACM, vol. 54, no. 4,
pp. 86–96, 2011.
[16] S. Saroiu and A. Wolman, “I am a sensor, and i approve of this message,”
in Proc. 11th Workshop on Mobile Computing Systems and Applications,
San Diego, CA, 2010, pp. 37–42.
[17] C. Wagner and D. T. Anderson, “Extracting meta-measures from data
for fuzzy aggregation of crowd sourced information,” in Proc. IEEE Int.
Conf. Fuzzy Systems, Brisbane, Australia, 2012, pp. 1–8.
[18] G. Choquet, “Theory of capacities,” Analles de l’Institit Fourier, vol. 5,
pp. 131–295, 1953.
[19] T. Murofushi and M. Sugeno, “An interpretation of fuzzy measure and
the choquet integral as an integral with respect to a fuzzy measure,”
Fuzzy Sets and Systems, vol. 29, pp. 202–227, 1989.
[20] M. Sugeno, “Theory of fuzzy integral and its applications,” Ph.D.
dissertation, Tokyo Institute of Technology, 1974.

