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Abstract— A number of data-driven fuzzy measure (FM)
learning techniques have been put forth for the fuzzy integral
(FI). Examples include quadratic programming, Gibbs sampling, gradient descent, reward and punishment and evolutionary optimization. However, most approaches focus solely on
the minimization of the sum of squared error (SSE). Limited
attention has been placed on characterizing and subsequently
minimizing model (i.e., FM) complexity. Furthermore, the vast
majority of learning techniques are highly susceptible to overfitting and noise. Herein, we explore a regularization approach
to learning the FM for the Choquet FI. We investigate the
mathematical motivation for such an approach, its applicability
and impact on different types of FMs, and its desirable
properties for quadratic programming (QP) based optimization.
We show that L1 regularization has a distinct meaning for
measure learning and aggregation operators. Experiments are
performed and validated with respect to the Shapley index.
Specifically, we show that it is possible to reduce the effect
of overfitting, we can identify higher quality measures and, if
desired, force the learning of fewer numbers of sources.

I. I NTRODUCTION

T

HE fuzzy integral (FI), both Sugeno and Choquet, is
a well-known nonlinear flexible aggregation operator.
The FI is defined with respect to a fuzzy measure (FM),
which drives the behavior of the FI. While the FM can be
specified by an expert, it is most often not the case because
the number of free parameters is exponential (2N − 2) in the
number of inputs, N . A number of measures, e.g., the SDecomposable FM, the Sugeno λ-FM [1], and Grabisch’s kadditive FM [2] have been proposed that require specification
of just the N densities (the measure on just the singletons)
or constraints are placed on the FM to produce drastically
fewer number of required parameters to work with the FM.
In addition, approaches also exist to learn the FM from data.
For example, Grabisch introduced quadratic programming
(QP) [3]; Keller et al. introduced methods based on gradient
descent [4] and penalty and reward [5]; Mendez-Vazquez
et al. used a Gibbs sampler [6]; we introduced a genetic
algorithm (GA) for higher-order (type-1) fuzzy set-valued
FMs [7]; and linear programming [8], [9]. In addition, we
introduced a way to automatically acquire, and aggregate,
measures of specificity and agreement based on the notion
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of crowd sourcing when the worth of the individuals is not
known but has to be extracted from data [10].
Most data-driven FI learning methods are focused on
minimizing the sum of squared error (SSE). However, these
approaches are severely limited as they are often highly
susceptible to factors such as overfitting and noise. Furthermore, their results can often be difficult to interpret (by an
expert). For example, a frequent concern is the complexity
of a learned model. That is, do different FMs exist to
approximately solve the task at hand? If so, which solution is
preferable? While one given solution might have a slightly
higher SSE, if the model (FM) is less complex, we might
prefer it. In terms of a real world example, it is often the
case that an expert or system desires the fewest number of
inputs possible. This could be due to the cost of the resultant
solution (in terms of dollars or computational complexity).
While indices such as the Shapley values and the interaction
index [12] exist to measure such desirable properties for
a candidate solution, we are interested in discovering if
it is possible to incorporate information indices directly
into the learning process or seek procedures that indirectly
accomplish the same goal in a different way.
Recently, a surge of interest has sparked in the fields of
machine learning, statistics, and signal processing. Specifically, a flood of papers has appeared on the topic of Lp norm based regularization and so-called sparsity promotion.
In general, the objective is to reduce model complexity by
searching for “sparse” solutions; those that have the fewest
number of non-zero parameters possible. This approach has
helped in learning models with fewer numbers of parameters
and solutions that are less susceptible to overfitting and
noise. However, many machine learning works use such
an approach “blindly.” Meaning, the goal is to reduce the
number of parameters at whatever cost and many do not
consider highly constrained tasks. Herein, we begin by
exploring the use of L1 -norm regularization for FM learning
in the context of the QP. We define a procedure, investigate its
implications in terms of optimization, and we experimentally
demonstrate different scenarios. However, we also explore
what it means in terms of FM learning, what type of models it
strives to promote, and we discuss when and where we might
want to use such an approach. Furthermore, we touch on a
computational method to automate some of this procedure.
In [6], Mendez-Vazquez and Gader investigated the only
work we are aware of related to sparsity promotion and
the Choquet integral (CI). In general, their goal is similar
to ours; reduce the number of non-zero parameters in the
FM. However, we are also concerned with what the resultant
model means and what it is truly doing (in terms of both a
measure and also aggregation). Mendez-Vazquez and Gader

extended the work of Figueirdeo et al.; specifically, they used
a Gibbs sampler. They did indeed put forth a creative way to
enforce the FM monotonicity constraints. The Shapley values
were computed and used to analyze their approach. However,
two very limited cases were explored, no discussion was
provided in terms of what the procedure does in a measure
theory regard nor what the approach does in terms of an
aggregation operator. Furthermore, their method of enforcing
the constraints has a known weakness (sampling from a
Gaussian with small variance). They acknowledge this and
make a remark that it appears to work in practice (and remark
that it is not a theoretically sound solution). It is also not
clear that the method truly scales as advertised with respect
to N . Furthermore, they did not perform a computational
complexity analysis so it is difficult to gauge how expensive
this approach is and how it scales. Last, they remark that their
approach also has a problem with respect to the exponential
nature of the input, but it is not as sensitive as the QP.
The authors of [6] also raise some interesting concerns
regarding the use of the QP for FM learning. However,
we take some objection to these comments. First, many
techniques have, and continue to be proposed for solving QP
with respect to fairly large and sparse matrices. This progress
is coming primarily as a response of interest in machine
learning, statistics and signal processing. A somewhat large
and sparse constraint is not a “game stopper.” We do agree,
there is mathematically a point where the task at hand does
become extremely difficult to solve and eventually it becomes
intractable. However, the reality is that most FI applications
use a relatively small number of inputs, i.e., on the order
of 3 to 5 versus 10 or 50 or 100. For example, consider
the case of N = 10. We obtain a constraint matrix of size
5110 × 1023, in which approximately 0.2% of the matrix
is (potentially) non-zero-valued. However, as stated above,
most practical applications, e.g., Abdallah’s [13] context
aware adaptive fusion for buried explosive hazard detection,
fuse only a small number of inputs. In [13], Abdallah fused
just four algorithm decisions. For N = 4, the matrix is of
size 28 × 15 and 12.38% is (potentially) non-zero valued.
The idea that the QP has little-to-no value just because it
is difficult (eventually intractable) to solve with respect to a
sparse matrix for large N is no reason to dismiss it.
This article is structured as such. In Section II we discuss
the FM, FI, and the Shapley index. In Section III we discuss
the SSE and the QP. Section IV proposes regularizationbased optimization and Section V proposes sparsity promotion for the FM. We study its theoretical implications
and meaning at the levels of measure theory and in terms
of aggregation operators. Next, in Section VI, experiments
are performed and the benefit of the proposed method is
highlighted. Table I is the notation used in this article.
II. M EASURE AND I NTEGRAL
The aggregation of information using the FI, Sugeno or
Choquet, has a rich history. Much of the theory and several
applications can be found in [14], [3], [15]. With respect
to this problem, we consider a finite set of N sources of

TABLE I
N OTATION
h
Cg
X
T
m
N
g
gi1 ,i2 ,...,ik
u
kuk2p

<-valued integrand, h : X → [0, 1]
Choquet F I with respect to FM g
Set of information sources, X = {x1 , ..., xN }
Training data, T = {(Oj , αj ) : j = 1, ..., m}
Number of training data elements
Number of information sources
Fuzzy measure (FM), 2X → [0, 1]

Lexicographic ordering of g, i.e., g {xi1 , ..., xik }
t
FM vector, ut = (g1 , g2 , ..., g12 , ..., g12...N )
Lp -norm regularization term

information X = {x1 , ..., xN } and a function that maps X
into some domain (initially [0, 1]) that represents the partial
support of a hypothesis from the standpoint of each source
of information. Depending on the problem domain, X can
be a set of experts, sensors, features, pattern recognition
algorithms, etc. The hypothesis is usually thought of as
an alternative in a decision process or a class label in
pattern recognition. Both Choquet and Sugeno integrals take
partial support for the hypothesis from the standpoint of
each source of information and fuse it with the (perhaps
subjective) worth (or reliability) of each subset of X in a
non-linear fashion. This worth is encoded in a FM. Initially,
the function h : X → [0, 1] and the FM g : 2X → [0, 1]
were designed to take real number values in [0, 1]. Certainly,
the output range for the support function and FM can be
(and have been) defined more generally (e.g., [0, <]), but
it is convenient to think of them on [0, 1] for confidence
fusion. We now review the FM and FI.
Definition 1. (Fuzzy Measure) The FM is a set-valued
function, g : X → [0, 1], with the following properties
P1. (Boundary condition) g(φ) = 0;
P2. (Monotonicity) If A, B ⊆ X and A ⊆ B, g(A) ≤ g(B).
Note, if X is an infinite set, a third condition guaranteeing
continuity is required, but this is a moot point for finite X.
Also, we often impose normality, i.e., g(X) = 1. Before
a definition can be given for the FI, notation must be
established for the training data used to learn the FM.
Definition 2. (Training Data) Let a training data set, T , be

T = {(Oj , αj ) : j = 1, ..., m},
where O = {O1 , ..., Om } is a set of objects and αj are the
corresponding labels (e.g., function outputs, class labels,
membership degrees, etc.). Next, we provide a definition for
the FI, specifically the CFI with respect to T [3].
Definition 3. (Choquet Integral) The CI, for a finite X and

object Oj is

where


N
X
Cg (h(Oj )) =
[h(Oj ; xπ(i) ) − h(Oj ; xπ(i+1) )]g(Aπ(i) ),
i=1

(1)
for Aπ(i) = {xπ(1) , ..., xπ(i) }, and permutation π such that

AOj

h(Oj ; xπ(1) ) ≥ ... ≥ h(Oj ; xπ(N ) ).
Definition 4. (Shapley Index) The Shapley values of g are
X
Φg (i) =
γX (K)(g(K ∪ i) − g(K)),
(2a)
K⊆X\{i}

(|X| − |K| − 1)!|K|!
γX (K) =
,
|X|!

(2b)

for i = 1, ..., N . Note, X\{i} denotes all subsets from X
that do not include source i. The Shapley
PN value of g is the
vector Φg = (Φg (1), ..., Φg (N ))t and i=1 Φg (i) = 1. The
Shapley index can be interpreted as the average amount of
“contribution” of source i across all coalitions. Equation (2a)
makes its “contribution” decision based on the weighted sum
of (positive-valued) numeric difference between consecutive
steps (layers) in the measure (lattice).
In the following sections we discuss a natural desire to
eliminate irrelevant or low quality sources and find a less
complex solution. We can use the Shapley values to help
identify such cases. We introduce a measure (index) of FM
complexity as
s(g) = (−1)

N
X
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= ut Du + f t u +

III. S UM OF S QUARED E RROR AND Q UADRATIC
P ROGRAMMING
Next, we review the QP method of optimizing the FM
for the FI with respect to T .
Definition 5. (SSE) Let the sum of squared error (SSE)
between T and a FI, defined with respect to FM g, be
m
X
(Cg (h(Oj )) − αj )2 .
j=1

Equation (4) can be expanded as follows.
E1 =

m
X
j=1

(AtOj u − αj )2 ,

(4)

m
X

αj2 ,

(5)

j=1

D=

m
X

AOj AtOj ,

f=

j=1

m
X

(−2αj AOj ).

j=1

In total, the FM has (N (2N −1 −1)) monotonicity constraints.
These constraints can be represented in a compact linear
algebra (matrix) form. The following is the minimum number
of constraints needed to represent the FM. Let
Cu + b ≤ 0,
Ψt1
Ψt2
...
ΨtN +1
...



(3)

The Shapley index values sum to 1. Furthermore, when only
one source is needed, one value is 1 and the other terms are 0
(i.e., Equation (3) equals 0). The more uniformly distributed
the values become, the more sources are required. In the
extreme case, N1 , all sources are needed and we get the
largest entropy. The Shannon entropy of the Shapley terms
can be used as a measure of “complexity” of a FM (relative
to a desire to seek a minimal number of inputs).





,





j=1

where
Φg (j) ln (Φg (j)) .



which is of size (2N − 1) × 1. Note, the function differences,
h(Oj ; xπ(i) ) − h(Oj ; xπ(i+1) ), correspond to their respective
g locations in u (which is of size (2N − 1) × 1), defined
t
as u = (g1 , g2 , ..., g12 , ..., g12...N ) . Folding Equation (4) out
further, we find
m
X
E1 =
(ut AOj AtOj u − 2αj AtOj u + αj2 ),

j=1

E1 =

...
h(Oj ; xπ(1) ) − h(Oj ; xπ(2) )
...
0
...
h(Oj ; xπ(N ) )
...




C=






ΨtN (2N −1 −1)




,




where Ψ1 is a vector representation of constraint 1, g1 −g12 ≤
0. Specifically, for Ψt1 u one recovers u1 − uN +1 . Thus, C
is simply a matrix of {0, 1, −1} values,


1 0 ... −1 0 ... ... 0
 1 0 ... 0 −1 ... ... 0 


C= . . .
..
..
..
..
..  ,
.
.
.
 . . .
.
.
.
.
. 
0

0

...

0

0

...

1

−1

which is of size (N (2N −1 − 1)) × (2N −1 − 1). Also, b is a
vector of all 0s. Note, in some works, u is of size (2N − 2),
as g(φ) = 0 and g(X) = 1. In such a case, the vector b is
typically a vector of 0’s and the last N entries are of value
−1. Herein, we use the (2N − 1) format as it simplifies
(notationally) the subsequent Shapley index mathematics.
Given T , the search for FM g reduces to a QP of the form
1
(6)
min ut D̂u + f t u,
u 2
subject to
Cu + b ≥ 0,

(0, 1)t ≤ u ≤ 1.

Note, the difference between the QP and Equation (5) is
D̂ = 2D and our inequality in Equation 6 need only be
multiplied by (−1).
IV. SSE AND L1 - NORM R EGULARIZATION
Considerable interest has been dedicated to solving the
problem of convex unconstrained optimization. Much work
exists in the areas of machine learning, statistics and signal
processing. In general, the problem of interest is one of
min
x

1
2
2
kGx − hk2 + λ kxkp ,
2

A second, and more efficient, solution (aka the NonNegative Variable Method [16]) involves doubling the num+
−
−
ber of variables in x, i.e., {x+
1 , x2 , ..., x1 , x2 , ...}, where
+
−
xi = xi − xi . There are (2l + 1) constraints,
−
x+
i ≥ 0, xi ≥ 0,
n
X

−
x+
≤ t.
i + xi
i=1

Another well-known formulation (basis pursuit criterion) is
2

min kxk1

(7)

where x ∈ <l , h ∈ <k , G is a k × l matrix, λ is
2
a non-negative parameter and kxkp is the Lp -norm of x.
The inclusion of the Lp -norm regularizer works to produce
solutions of x that also have a small norm kxkp . When p = 1,
this drives the elements of x to 0 (promoting sparsity in the
solution). The basic idea is to seek solutions that involve
the use of the fewest number of parameters possible. It is
often used for parameter selection, however it can also be
used to help seek simpler solutions and to help address
2
overfitting. However, it was shown that the L1 -norm (kxk1
2
versus kxk2 ) leads to sparser models that can often be (more)
easily interpreted [16]. In general, the L2 -norm does not truly
encourage sparsity. Also, higher λ values for the L2 term
tend to force the coefficients to be more similar to each other
(to jointly minimize the 2-norm). Additionally, the L1 often
outperforms the L2 -norm when irrelevant sources (features)
are present in X. Equation (7) is related to the following
convex constrained optimization problem (also known as
LASSO [16]),
2
min kGx − hk2 ,
(8)
x

subject to

x

subject to

(9)

2

kGx − hk2 ≤ σ,
a linear program subject to quadratic inequalities. In some
applications σ can often be easier to specify (versus t).
V. L1 - NORM R EGULARIZATION FOR FM L EARNING
In this section, we explore the use of a L1 -norm regularization term for promoting sparsity of a FM solution, i.e.,
E2 =

m
X
2
(ut AOj AtOj u − 2αj AtOj u + αj2 ) + λ kuk1 . (10)
j=1

In Section IV we explored the definition and methods for
solving L1 regularization-based SSE problems. The goal of
this paper is to explore if a L1 regularizer can be used to
help learn FMs that are less complex (e.g., fewer numbers
of inputs) and/or are less prone to overfitting of data?
Specifically, what is the L1 -norm really doing? As we are
learning the FM relative to the Choquet FI, what measure
is it striving to learn and, in terms of the Choquet FI, what
aggregation operator is it pushing a given solution towards?
In the remainder of this section, we address these questions.

2

Remark 1. As λ goes to 0, Equation (10) reduces to Equation (4), i.e., minimization of strictly SSE.

Specifically, the objective function in this minimization is
convex and the constraints define a convex set (giving rise
to a convex optimization task). Two simple, but not necessarily scalable, optimization solutions for L1 were proposed
by Tibshirani [16]. Numerous solutions exist to solve this
problem; active set method and local linearization [18], [19],
iterated ridge regression [20], grafting [22] and shooting [23].
One solution (aka Tibshirani’s Method) is to convert the
L1 regularization term into a set of inequalities. One linear
inequality is created for each combination of the signs of
elements in x, i.e.,

Remark 2. As λ goes to ∞, Equation (10) results in a FM of
all 0s, i.e., g(A) = 0, ∀A ∈ X, A 6= X. Therefore, we learn
a FM corresponding to a state of total ignorance. While this
seems extreme, it is rationalized as such. In lieu of knowledge
of the SSE, we have no information to exploit. Therefore, the
(trivial) solution is to set each FM value to 0 in an (extreme)
attempt to force less complex models.

kxk1 ≤ t,

− x1 − x2 + ... − xl ≤ t,

Remark 3. As λ goes to ∞, Equation (10) results in a
Choquet integral (aggregation) that is the minimum. This is
trivial to show. When sets of equal size (cardinality) have
equal measure value in the FM, the Choquet integral reduces
to an ordered weighted average (OWA). The OWA weights
are wi = g (Ai ) − g (Ai \ {i}). The weight vector is, w =
t
(w1 = 0, w2 = 0, ..., wn = 1) . This can be rationalized as
such. Without knowledge of the SSE we are forced to take
an extreme pessimistic stance in terms of aggregation.

where t is inversely proportional to λ. For a vector of length
l, there is therefore 2l linear inequalities. Again, the above
is simple to understand, but is not scalable.

Remark 4. An L1 regularizer is not “selective” in how it
attempts to eliminate (i.e., drive to 0) variables in the FM.
It regards each variable as more-or-less equally important.

+ x1 + x2 + ... + xl ≤ t
+ x1 + x2 + ... − xl ≤ t
...

Ideally, we would like to have as few inputs as possible,
i.e., have a minimal number of non-zero Shapley values.
However, this is not the “sole focus” of the L1 regularization
term. It is not “focused” on eliminating sources. If there
are inputs (sources) that provide little-to-no benefit, the L1
can identify and eliminate these sources (drive the densities
corresponding with these sources and their corresponding
measure variables towards zero).
Next, we consider a few cases related to learning from data
and with respect to learning a FM and aggregation operator.
These different scenarios help us better understand what the
L1 regularization is really doing (meaning what is a less
complex model) and when it should be used.
A. Irrelevant Inputs
In this subsection, we explore the following scenario.
Imagine that the desired FM that minimizes the SSE and
has the lowest corresponding model complexity is one in
which one or more of the Shapley values are approximately
0. Furthermore, due to noise or convergence to a local versus
global optimum, assume we learned, without the use of a L1
regularization term, a suboptimal solution that has non-zero
densities for the irrelevant inputs and higher than desired
tuple-wise values throughout the FM. In other words, there
exists some sources that can simply be removed with littleto-no impact (i.e., rise in SSE). In such a case it is clear
that the L1 regularization is of benefit as it can target and
help drive the corresponding (low-value source) densities to
0, and lower, as much as possible, the corresponding tuplewise measure values to an ideal value (i.e., for a set A, it is
assigned the same value as the measure A \ B, where B is
the corresponding set of irrelevant sources). While the L1 norm was not designed to explicitly operate on the basis of
the Shapley values or interaction indices, it can force such a
2
solution that has a lower kuk1 with no increase in SSE.
B. All Inputs Required
This subsection is focused on the case in which every input
is needed to achieve minimum SSE. However, this is not a
trivial scenario. Minimum SSE is not as straight forward as
one might suspect. At least three scenarios exist. First, all
inputs might be important, non-redundant, and required to
solve the task at hand. In this case, we cannot drive any of
the measure values to 0 without lessening overall aggregation
performance. Second, noise (which takes on various specific
meanings for different domains and applications) may be
present and as a result SSE minimization alone results in
learning a model that takes the noise into account. Thus,
overfitting is likely to occur. We show such a scenario
in the experiments section. Strictly minimizing the SSE is
not always the best idea. Identifying a reduced complexity
model with fewer inputs and is less overfit to the data is
more ideal. This is what the L1 regularizer helps us to do.
The last scenario discussed here is sampling and overfitting.
If the training data is not truly reflective of the actual
underlying data distribution or the true distribution is poorly

represented in the training data, overfitting can also occur
and learning a “simpler” model can lead to a more reliable
and generalized solution. This is a well-known phenomenon
(the bias-variance dilemma).
Furthermore, consider the case of an OWA, all inputs
required for minimum SSE, little-to-no noise, and adequate
sampling. For example, let a set of OWA weights w =
t
(0.5, 0.4, 0.1) . The challenge here is that an OWA does
not place emphasis on the individuals. Instead, it places
importance on their sorted evidence. Specifically, the FM
is one of g (A) = 0.5 for A ∈ X, |A| = 1, g (B) = 0.4
for B ∈ X, |B| = 1 and g (X) = 1. This solution cannot
be reduced any further without incurring an increase in SSE
(assuming all inputs are truly required). The problem is the
regularizer still attempts to reduce “complexity.” However,
the model is already of minimum complexity. In such a
scenario, the L1 regularizer will drive the resultant solution
towards a minimum operator based on the influence (scale)
of λ. Note, OWAs are a wide class of important aggregation
operators that are likely to be encountered in practice.
VI. E XPERIMENTS
In the above sections we outlined and explored the theoretical and a computational procedure for jointly reducing
model complexity with respect to a L1 -norm and SSE. In
this section, we report two experiments to illustrate different
important scenarios.
Remark 5. We recognize that for small N one could simply
enumerate all combinations of features and run the QP.
However, while this may be of use in feature selection, it
does not address overfitting. The L1 regularizer still adds
value in such a scenario.
A. Experiment 1
In our first experiment, we consider the case of 5 inputs.
Specifically, we consider that source 1 is the most important
to solving the task at hand. Furthermore, we assume source
2 has some, but very low, importance. We also assume that
sources 3, 4, and 5 are not at all relative to the task at hand.
Thus, a quality learner should learn to naturally eliminate
the last three sources. Furthermore, we should also be able to
discover a scenario in which elimination of the second source
leads to increased error but results in a less complex solution.
We used 300 (pseudo)randomly generated samples. The
labels were generated from a FM, specifically a possibility
measure, whose densities are g(x1 ) = 0.8, g(x2 ) = 0.2,
g(x3 ) = g(x4 ) = g(x5 ) = 0. In order to make the task nontrivial, we add uniformly distributed (pseudo)random noise
to the desired output labels. We anticipate the following. We
expect the QP without a L1 regularizer to learn a model
that puts importance on sources one and two and the final
three sources will receive non-zero (but low-valued) measure
values as a result of overfitting. Figure 1 illustrates the output
of our system relative to varying the λ regularization value
(balance of model complexity relative to the SSE).

(a) Lexicographically ordered FM variables learned by QP, e.g., bin 1
is u(1) = g(x1 ), bin N + 1 is u(N + 1) = g({x1 , x2 }).

(b) Visualization of the constraint matrix C for the QP. Rows are
constraints. Columns are lexicographically ordered FM variables.
Green is 0-valued, −1 is shown as blue and 1-valued is shown as red.

(c) Lexicographically ordered FM variables learned by the QP subject
to L1 -norm regularization.

(d) Visualization of the constraint matrix C for the QP with a L1
regularization. Same format as view (b).

(e) Plots showing variation of the Shapley entropy relative to the SSE
and L1 value. These plots show the trends in the data, such as
solutions with minimum SSE and minimum Shapley value error. Blue
circles indicate the QP without L1 norm solution.

(f) Plots showing variation of the Shapley entropy relative to the SSE
and λ. These plots show the trends in the data, such as solutions with
minimum SSE and minimum Shapley value error. Blue circles
indicate the QP without L1 norm solution.

Fig. 1. Experiment 1 showing results of L1 -regularized FM learning. Sources 1 and 2 are relevant to aggregation, with source 1 being very important
and source 2 being slightly important. Additive uniform random noise was added to training labels.

We observe the following. First, figure 1a reinforces what
we suspected. The QP with no regularization learns that
source one is the most important, approximately g (x1 ) ≈
0.8, the second sources is lower importance but needed,
g (x2 ) ≈ 0.2, and the other three sources are non-zero, but
very low-valued (the result of overfitting). Figure 1b shows
the constraint matrix for the QP with no regularization. It
is simply provided for illustration. Figure 1e shows that a
solution exists in which the SSE is not drastically higher
but there is a critical point (minimum) with respect to the
Shapley-based complexity. That is, a simpler solution exists
in which the error is not much higher. Figure 1c is the
resultant FM. It shows that only the first source is really
needed. The other sources can, for all intents and purposes,
be eliminated (either by thresholding the densities or computing the corresponding Shapley values and thresholding those
values). Figure 1f simply shows the behavior with respect to
variation in λ.
B. Experiment 2
Experiment 2 is one in which all sources are required
to solve the problem. The solution is an OWA, w =
(0.5, 0.35, 0.1, 0.05)t . We used 300 (pseudo)randomly generated samples; there are 4 inputs (thus 300 4-tuples of input
from the different sources), and no noise was added to the
inputs. Therefore, we expect to see our proposed method, or
any method at that, result in an unavoidable increase in SSE
(with respect to λ) relative to the identification of potentially
less complex solutions. Furthermore, we expect to see a
migration of the solution towards the minimum operator.
Figure 2b shows what we predicted; the L1 -norm learned
FM is extremely similar to a minimum aggregation operator.
Furthermore, Figure 2c shows that there are indeed “simpler” models, however they exist at what is most likely an
unacceptable SSE. This is different from the last example we
investigated, in which we found a minimum with respect to
the Shapley entropy at little-to-no increase in SSE.
Remark 6. It is often the case that one desires or a problem
requires an OWA. In Experiment 2 we discussed the behavior
of FM learning in such a scenario. If another factor such
as cost or computational runtime is more important than a
higher but acceptable SSE, then the approach outlined in this
article can be used “as is” to identify candidate solutions.
This is a decision for the user. If the desire is to identify
situtations in which the task at hand requires an OWA, i.e.,
all inputs are needed and are equally important, then the
following index can be used [24],
dOW A

N −1
1 Xp
T1 ,
=
N −1

(11)

k=1

where,
P
T1 =

2

I∈L(k)

T2 =

(g (I) − T2 )

|L (k)| − 1
P
I∈L(k) g (I)
|L (k)|

,

,

(12)
(13)

where Layer k in the lattice, denoted L(k), is the set of all
FM terms for subsets of 2X that have cardinality equal to k.
For example, if N = 3, L (1) = {g (x1 ) , g (x2 ) , g (x3 )},
L (2) = {g (x1 , x2 ) , g (x1 , x3 ) , g (x2 , x3 )}, and L (3) =
g (x1 , x2 , x3 ) = g (X). Thus, T2 is the average measure
value at layer k and T1 is the variance at layer k. For an
OWA, all measure values at layer k should have equal value.
Therefore, a user could run the QP without a regularizer
term, identify an acceptable dOW A (threshold) and not use
regularization if the learned FM is too similar to an OWA.
VII. C ONCLUSION AND F UTURE W ORK
In this paper, we put forth a L1 -norm regularization
approach to reducing the complexity of a learned FM in
combination with minimization of SSE. We outlined the
mathematical procedure and its optimization. However, we
also analyzed the behavior of our approach in terms of
measure theory and its associated aggregation operator. Experiments were performed to demonstrate and validate our
procedure. Specifically, we demonstrated resilience in terms
of factors like irrelevant and low importance sources and
overfitting. These results were discussed using a measure
of complexity based on Shannon’s entropy of the Shapley
values. In future work, we will investigate a method to embed
the Shapley (or another information theoretic) index directly
into the optimization procedure in place of the L1 -norm. We
will also investigate the use of the proposed FM learning
procedure on non-synthetic data for sensor processing and
skeletal age-at-death in Anthropology and forensic science.
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